Quantum coherence and non-classical correlation are key features of quantum world. Quantifying coherence and non-classical correlation are two key tasks in quantum information theory.
Introduction Quantum coherence and non-classical correlation are the key features of quantum world. Recent developments in our understanding of quantum coherence and nonclassical correlation have come from the burgeoning field of quantum information science.
One important pillar of the field is the study on quantification of coherence. Since the seminal work Ref.
[1] on defining a good coherence measure in terms of the resource theory, quantum coherence has been extensively studied and applied to many quantum information processing Ref. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] .
The relative entropy and l 1 -norm coherence measures are two well-known measures of coherence, especially concerning the strong monotonicity property and the closed expressions. In fact, different quantifications of coherence can greatly enrich our understanding of coherence. In particular, the distillable coherence Ref. [22, 23] , the coherence of formation Ref. [21] [22] [23] , the robustness of coherence Ref. [24] , the coherence measures based on entanglement Ref. [7] and max-relative entropy of coherence Ref. [20] , and the coherence concurrence Ref. [25, 26] , have been proposed and investigated. For instance, the relative entropy coherence can be understood as the optimal rate for distilling a maximally coherent state from given states Ref. [9] . The robustness of coherence quantifies the advantage enabled by a quantum state in a phase discrimination task Ref. [4] . In addition, the relations between coherence and path information Ref. [27] [28] [29] , the distribution of quantum coherence in multipartite systems Ref. [30] , the complementarity between coherence and mixedness Ref. [31, 32] have also been studied.
Besides the quantum entanglement, the quantification of other kind of quantum correlations like quantum discord [33, 34] has been also extensively investigated. It has been shown that some quantum information processing tasks like assisted optimal state discrimination can be carried out without quantum entanglement, if the one-side quantum discord is nonzero [35] [36] [37] [38] [39] [40] [41] [42] . In this paper, we employ the quantum Hellinger distance to construct a new quantum coherence measure. One prominent advantage of this measure is that it satisfies the strong monotonicity condition. Moreover, it has an analytic expression. The relation between this coherence measure and the fidelity is derived, which gives rise further to the connection with the geometric measure of quantum coherence. We employ this coherence measure and present a clear polygamy relation that dominates the coherence distribution among multipartite systems. Moreover, we present a measure of quantum correlation based on the Hellinger distance, which can be analytically solved for qubit-qudit states. The trade-off relation between the quantum coherence and quantum correlation is derived explicitly.
Coherence measure based on Hellinger distance In the fixed computational basis {|i } of a d-dimensional Hilbert space H, the set of the incoherent states I has the form Monotonicity for average coherence under subselection based on measurements outcomes:
C3) Non-increasing under mixing of quantum states (convexity), i.e.,
Note that conditions (C2b) and (C3) automatically imply condition (C2a). The condition (C2b) is important as it allows for subselection based on measurement outcomes, a process available in well controlled quantum experiments Ref. [1] . It has been shown that the relative entropy measure and the l 1 -norm measure of coherence satisfy all these conditions. However, the measure of coherence induced by the squared Hilbert-Schmidt norm satisfies conditions (C1), (C2a) and (C3), but not (C2b). Recently, the fidelity measure of coherence is proved to be a measure of coherence which does not satisfy the condition (C2b) Ref. [43] .
In the following we first introduce a Hellinger distance based measure of coherence and show that it is a bona fide measure of quantum coherence. Let D H (ρ, δ) denote the Hellinger distance between two states ρ and δ, D H (ρ, δ) = Tr(
[Theorem 1]. The quantum coherence C H (ρ) of a state ρ quantified by
is a well-defined measure of coherence.
As an incoherent state δ can be explicitly written as
According to the Cauchy-Schwarz inequality, we have
with the inequality saturated when
Substituting Eq. (3) into Eq. (2), one gets f (ρ, δ) ≤ M. Therefore,
ρ|k ′ 2 |k k| is the optimal incoherent state that attains the maximal value of f (ρ, δ).
It is easy to find that min δ∈I Tr(
concave Ref. [44] , C H (ρ) is convex under mixing states. That is, the criteria (C1) and (C3) are automatically satisfied. In addition, since the coherence measure is convex, the monotonicity on selective incoherent completely positive and trace preserving mapping (ICPTP) (strong monotonicity) automatically implies the monotonicity on ICPTP.
Next we prove that C H (ρ) satisfies (C2a) -the strong monotonicity. Let δ 0 denote the optimal incoherent state achieving the maximal value of f (ρ, δ). Let Λ = {O i } be the incoherent selective quantum operations given by Kraus operators
Under the operation Λ on a state ρ, the post-measurement ensemble is given by {p i , ρ i }
Since the incoherent operation cannot generate coherence from an incoherent state, for the optimal incoherent state δ 0 , we have δ
By using the fact that under arbitrary permutations σ:
We have
where
where the first inequality is due to Eq. (6). From Eq. (7), we can get the second inequality. The third inequality is due to [37] . It shows the strong monotonicity. The monotonicity is directly given by the convexity of C H (ρ),
Remark. From the proof of Theorem 1, one sees that
There is a quantitative relation between the coherence measure C H based on Hellinger distance and the coherence measure C introduced in Ref. [45] :
However, that C is a coherence measure does not imply that C H is a coherence measure too. Generally a function of C does not satisfy all the necessary conditions of a proper coherence measure, even if C is a well defined coherence measure. Therefore, proving C H to be a bona fide measure of coherence is necessary. In addition, different measures give rise to different operational meanings and different physical implications. As will be seen, C H is connected with fidelity, while C in Ref. [45] is related to quantum metrology.
Relation between coherence C H and fidelity The geometric measure of coherence C g
Ref. [47] is defined by
where F (ρ, δ) = Tr ρ 1/2 δρ 1/2 is the fidelity of two density operators ρ and δ.
It is direct to show that for arbitrary states ρ and δ,
and
where A = |A|V is the polar decomposition of A. The inequality is due to Cauchy-Schwarz inequality. The equality can be attained by choosing U = V † .
From Eq. (8) and Eq. (9), we obtain that
bounded by the minimal fidelity of ρ and incoherent states.
In addition, from the above derivation in Eq. (9), we have
In particular, for any pure state |ψ , we get
, which is given by the minimal fidelity of |ψ and the incoherent states.
As an example, let us consider the maximally coherent mixed states Ref. [32] ,
where 0 < p ≤ 1, I 4 is the 4 × 4 identity matrix, and |ψ 4 = [Proposition 1]. For a bipartite pure state |ψ AB , we have
where ρ A (ρ B ) denote the reduced density matrix for partite A (B). The inequality Eq. (10) is saturated for product states.
[Proposition 2]. For bipartite mixed states ρ AB with reduced density matrices ρ A and ρ B , the coherences satisfy the following relations,
where λ min denotes the minimal nonzero eigenvalue of ρ AB , C l 2 (ρ) = i =j |ρ ij | 2 is the l 2 -norm coherence measure of ρ, c s = 
which is the maximal coherence in three-dimensional space corresponding to the reduced
i,j=0 |i j|. This example implies that a subsystem with relatively large coherence does not restrict its ability to interact with another subsystem and gives rise to large coherence of the whole composite system. These are the manifestations of the so-called polygamy.
One can easily find that Eq. (11) reduces to the relation Eq. (10) if ρ AB is a pure state (λ min = 1). Now we consider N-partite quantum states ρ AB···N . Let α be a subset of S = {A, B, · · · , N} and ρ α the corresponding reduced density matrix.
[Proposition 3]. Let α i ⊂ {A, B, · · · , N} such that α i ∩ α j = δ ij and i=1 α i = S. For an N-partite quantum state ρ AB···N , the coherences satisfy
where n i , λ M and c sT are determined by Proposition 2, depending on the detailed partitions
Quantum correlations based on Hellinger distance In Ref. [50, 51] it has been shown that any degree of coherence in some reference basis can be converted to entanglement via incoherent operations. And in Ref. [52] a general relation between coherence and entanglement under any measures has been established. Here we show that coherence can be also converted to non-classical correlations via incoherent operations.
We first introduce the non-classical correlation D(ρ AB ) based on the Hellinger distance for bipartite states ρ AB ,
where I B is the identity operator on system B,
, Π k A = |k A k| denotes the projective measurement on subsystem A.
We first show some properties of D(ρ AB ) and demonstrate that it is a well defined measure of quantum correlation.
1) D(ρ AB ) is invariant under local unitary operations. We have
as minimizing over the local measurements {Π k A } is obviously equivalent to do it over the ones rotated by U A .
2) D(ρ AB ) is contractive under completely positive and trace-preserving maps Ψ B on B. 
Note that D H (ρ AB ) is contractive under completely positive and trace-preserving maps Ψ
where ρ A is the reduced density matrix of |ψ AB . It is obvious that
From (13), for any pure state |ψ AB one has
, where the first inequality is based on the convexity and the equality is saturated if all λ i are the same, i.e.,
. In other words, it is saturated by the maximally entangled states.
With the above properties of the quantum correlation measure D(ρ AB ), we claim the following theorem.
[Theorem 2]. D(ρ AB ) vanishes if and only if ρ AB is a classical-quantum correlated state.
[Proof]. For a classical-quantum correlated state ρ AB = k λ k |k k|⊗ρ k , one can always
which is obviously a classical-quantum correlated state.
As a detailed example, we now compute the quantum correlation D(ρ AB ) for arbitrary qubit-qudit states. For bipartite 2 ⊗ d states ρ AB , Eq. (12) can be rewritten as
The second equality is due to Π A h(ρ)Π A = h(Π A ρ AB Π A ) for any function h of the qubit state in subsystem A Ref. [53] .
The projective measurement operator Π k A can be expressed in Bloch representation,
where I 2 is the 2 × 2 identity matrix,
matrices. Substitute Eq. (15) into Eq. (14), one arrives at
where λ max is the maximal eigenvalue of the matrix T with entries
. Therefore, D(ρ AB ) can be analytically solved for qubit-qudit states, which is different from other non-classical correlations like quantum discord which has no analytical formula even for two-qubit states [54] . Interestingly, for this qubit-qudit case, the quantum correlation Eq. (16) happens to be the local quantum uncertainty as the minimum skew information achievable on a single local measurement introduced in [53] .
Converting coherence to quantum correlations With respect to the quantum correlation D(ρ AB ) given in (12) , the symmetric version of quantum correlation based on Hellinger distance for bipartite states ρ AB can be defined by
where 
). Based on the monotonicity of the coherence, we
Eq. (18) characterizes the transformation of the local coherence to global quantum correlation under incoherent operations. If one of the reduced state ρ A (ρ B ) is incoherent, Eq.
, which is similar to the main result in Ref. [6] . Eq. (18) 
The quantum coherence of ρ A within the basis {|j } is given by
According to the definition of quantum correlation D S , one has 
where the second inequality comes from the convexity and the extreme value is achieved when we select the optimal basis {|kk ′ } = {|jj }. Comparing Eq. (19) 
